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This paper characterizes those nonnegative functions ψ deﬁned on 0 1 for
which the weighted Hardy–Littlewood average Uψ f →
∫ 1
0 f t·ψtdt is bounded
on either Lpn p ∈ 1∞, or BMOn. Meanwhile, the corresponding operator
norms are worked out.  2001 Academic Press
Key Words: weighted Hardy–Littlewood averages; Lp; BMO.
Suppose ψ 0 1 → 0∞ is a function. For a measurable complex-
valued function f on n, we then deﬁne the weighted Hardy–Littlewood
average Uψf as
Uψf x =
∫ 1
0
f txψtdt
The purpose of this paper is twofold. The ﬁrst is to classify those ψ for
which the operator Uψ is bounded on Lpn 1 ≤ p ≤ ∞ and BMOn.
The second is to determine the corresponding operator norms. Our theo-
rem sharpens and extends the main result of Carton–Lebrun and Fosset in
[CF] which asserts that if t1−nψt is bounded on 0 1 then Uψ is bounded
on BMOn. Although some time has passed since then, the result still
seems to be of interest as it is related closely to the Hardy–Littlewood max-
imal operators in harmonic analysis (see also [S]). For example, if ψ ≡ 1
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and n = 1 then Uψ is just reduced to the classical Hardy–Littlewood aver-
age U :
Uf x = 1
x
∫ x
0
f xdy x = 0
This special operator was proved by Hardy (see also [HLP, Theorem 327])
to satisfy the inequality
(∫ ∞
0
Uf xp dx
)1/p
≤ p
p− 1
(∫ ∞
0
f xp dx
)1/p
 p ∈ 1∞
where the constant p/p− 1 is the best possible. While p = ∞, it is easy
to obtain
esssupx∈0∞Uf x ≤ esssupx∈0∞f x
which is a sharp inequality.
In order to understand our result, we must recall the deﬁnitions of the
classes Lp and BMO on the Euclidean spaces. For an integer n ≥ 1, let
n be the n-dimensional Euclidean space. A measurable complex-valued
function f on n is said to be in Lpn p ∈ 1∞ provided
fLpn =
(∫
n
f xp dx
)1/p
<∞
This deﬁnition breaks down at p = ∞. The space L∞n is given by the
class of all measurable complex-valued functions f on n satisfying
fL∞n = esssupx∈n f x <∞
Although L∞n may be viewed as a limit space of Lpn as p→∞ in
the sense of duality, it is, in most cases, replaced with the space BMOn of
John and Nirenberg [JN], which consists of those measurable functions f ∈
L1locn (i.e., f  is integrable over any compact set of n) with bounded
mean oscillation
fBMOn = sup
Q⊂n
1
Q
∫
Q
f x − fQdx <∞
where the supremum is taken over all cubes Q (of sides parallel to the axes)
of n fQ = Q−1
∫
Q f xdx stands for the average of f over Q, and Q
means the measure of Q.
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Theorem. Let ψ 0 1 → 0∞ be a function and let p ∈ 1∞. Then
(i) Uψ Lpn → Lpn exists as a bounded operator if and only if∫ 1
0
t−n/pψtdt <∞(1)
Moreover, when (1) holds, the operator norm of Uψ on Lpn is given by
UψLpn→Lpn =
∫ 1
0
t−n/pψtdt(2)
(ii) Uψ BMOn → BMOn exists as a bounded operator if and
only if ∫ 1
0
ψtdt <∞(3)
Moreover, when (3) holds, the operator norm of Uψ on BMOn is given by
UψBMOn→BMOn =
∫ 1
0
ψtdt(4)
Proof. (i) Since the case p = ∞ is trivial, it sufﬁces to consider p ∈
1∞. Suppose (1) holds. Using Minkowski’s inequality we have
UψfLpn ≤
∫ 1
0
(∫
n
f txp dx
)1/p
ψtdt(5)
= fLpn
∫ 1
0
t−n/pψtdt
Thus Uψ maps boundedly Lpn into itself. The proof of the converse
comes from the standard integral calculation. If Uψ is a bounded operator
on Lpn, then there exists a constant C > 0 such that
UψfLpn ≤ CfLpn f ∈ Lpn(6)
Now, for any  > 0 take
fx =
{
0 x ≤ 1
x−n/p− x > 1.
Then
fpLpn =
cn
p
 cn =
nπn/2
1+ n/2
and
Uψfx =
{
0 x ≤ 1
x−n/p− ∫ 11/x t−n/p−ψtdt x > 1.
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Since the inequality (6) applies to f, putting δ = −1 > 1 and making some
simple computations we have
CpfpLpn ≥ UψfpLpn(7)
=
∫
x>1
(
x−n/p−
∫ 1
1/x
t−n/p−ψtdt
)p
dx
≥
∫
x>δ
(
x−n/p−
∫ 1
1/δ
t−n/p−ψtdt
)p
dx
= fpLpn
(
δ−
∫ 1
1/δ
t−n/pψtdt
)p

which implies ∫ 1

t−n/pψtdt ≤ C


Letting → 0 in the last inequality, we reach (1).
When (1) is true, Uψ is bounded on Lpn and hence (5) and (8) hold,
where
UψLpn→Lpn ≤
∫ 1
0
t−n/pψtdt(8)
To deduce (2) from (1), we assume otherwise that (2) is not true. Then by
(8) there is a positive number κ such that
UψLpn→Lpn ≤ κ <
∫ 1
0
t−n/pψtdt(9)
We further use the above f, (9), and (7) to obtain
κpfpLpn ≥ UψfpLpn ≥ fpLpn
(

∫ 1

t−n/pψtdt
)p

This implies
κ ≥
∫ 1
0
t−n/pψtdt(10)
However, (10) contradicts (9). Therefore, (2) must hold.
(ii) In what follows, for each number t > 0 and cube Q ⊂ n let tQ
be the cube whose measure has tnQ, and whose center is the same as that
of Q.
Suppose (3) holds. If f ∈ BMOn, then for any cube Q we use Fubini’s
theorem to establish
Uψf Q =
∫ 1
0
(
1
Q
∫
Q
f txdx
)
ψtdt =
∫ 1
0
ftQψtdt
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and
1
Q
∫
Q
Uψf x−Uψf Qdx≤
1
Q
∫
Q
(∫ 1
0
f tx−ftQψtdt
)
dx(11)
=
∫ 1
0
(
1
Q
∫
Q
f tx−ftQdx
)
ψtdt
=
∫ 1
0
(
1
tQ
∫
tQ
f x−ftQdx
)
ψtdt
≤fBMOn
∫ 1
0
ψtdt
which implies that Uψ is bounded on BMOn.
Conversely, if Uψ is bounded on BMOn, then one chooses f0x = 1
for x ∈ nl , f0x = −1 for x ∈ nr , where nl and nr denote the left
and right halves of n, separated by the hyperplane x1 = 0 (x1 is the ﬁrst
coordinate of x ∈ n). At this point,
Uψf0x =
{∫ 1
0 ψtdt x ∈ nl
− ∫ 10 ψtdt x ∈ nr .
That is,
Uψf0 = f0
∫ 1
0
ψtdt(12)
Since f0 lies in BMOn with f0BMOn = 0, so does Uψf0. Accordingly,
(3) is obtained.
It is obvious that (4) is a by-product of (11) and (12). The proof is com-
plete.
Given a nonnegative function ψ on 0 1. For a measurable complex-
valued function f on n, we also deﬁne Vψf as the weighted Cesa`ro aver-
age:
Vψf x =
∫ 1
0
f x/tt−nψtdt
A trivial transformation gives that if ψ ≡ 1 and n = 1 then Vψ = V , where
V is the classical Cesa`ro operator:
Vf x =
{∫∞
x
f y
y
dy x > 0
− ∫ x−∞ f yy dy x < 0.
In addition, U + V becomes the Caldero´n maximal operator:
Uf x + Vf x = 1
x
∫ x
0
f ydy +
∫ ∞
x
f y
y
dy x > 0
For an account of this operator, see also [BDS].
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Corollary. Let ψ 0 1 → 0∞ be a function and q ∈ 1∞. Then
(i) Vψ Lqn → Lqn exists as a bounded operator if and only if
∫ 1
0
t−n1−1/qψtdt <∞(13)
Moreover, when (13) holds, the operator norm of Vψ on Lqn is given by
VψLqn→Lqn =
∫ 1
0
t−n1−1/qψtdt(14)
(ii) Vψ BMOn → BMOn exists as a bounded operator if and only
if
∫ 1
0
t−nψtdt <∞(15)
Moreover, when (15) holds, the operator norm of Vψ on BMOn is given by
VψBMOn→BMOn =
∫ 1
0
t−nψtdt(16)
Proof. Immediate from the proof of the theorem above.
We close this paper by some comments about the theorem and corollary.
Remarks. (i) The Theorem and Corollary are valid for Lp and BMO
deﬁned on n+, the upper half space of 
n.
(ii) If ψ ≡ 1 then (15) fails and hence Vψ is unbounded on either
L∞n or BMOn. In the setting of BMOn, this proves Conjecture 2
posed in [M].
(iii) From the Theorem and Corollary it turns out that if Uψ is
bounded on Lpn, 1 < p < ∞, then Vψ is bounded on Lqn,
q = p/p− 1, and hence Vψ is Banach space adjoint of Uψ and vice versa,
for which ∫
n
f xUψgxdx =
∫
n
gxVψf xdx
whenever f ∈ Lpn g ∈ Lqn. Consequently, Uψ and Vψ obey the
commutative rule: UψVψ = VψUψ.
(iv) Recall that a measurable complex-valued function f on n
belongs to H1n (the Hardy space on n) if and only if supt∈0∞ f ∗φt 
∈ L1n, where φ is some ﬁxed function in  n with ∫n φxdx = 0,
and φt denotes the dilation φtx = t−nφx/t, t > 0 (cf. [S, D]). As the
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dual space of H1n is isomorphic to BMOn (due to Fefferman [F]),
our Theorem and Corollary actually induce the following formulas:
UψH1n→H1n = VψBMOn→BMOn
and
VψH1n→H1n = UψBMOn→BMOn
In particular,
V H1→H1 = 1 = V L1→L1
This result is the best. For some partial estimates, see also [Go, Theo-
rems 1b and 2; GiM, Theorem 1, Lemma 1; M, Corollary 2].
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